ABSTRACT. Let L be a finite dimensional Lie algebra over a field k of char- 
the semigroup A(L) [18, 6, p. 329] . Using the fact that each subfield of D(L) containing fc is finitely generated over fc we are able to prove that Ap (L) is a finitely generated free abelian group. This result has some interesting consequences. For instance, the semicenter Sz(D(L)) is isomorphic to the group algebra of Ar>(L) over Z(D(L)). In particular Sz(D(L)) is Noetherian. The same need not be true however for Sz(U(L)) (not even if L is nilpotent). Also, it is shown that there exists a nonzero semi-invariant e in U(L) such that the localization U(L)e of U(L) satisfies the Formanek condition, i.e. any nonzero ideal of U(L)e contains a nonzero central element of U(L)e. Moreover, the center Z(U(L)e) is factorial and its quotient field coincides with Z(D(L)). Finally, let Ai,..
.,Ar be a Z-basis of AD(L). If L is
Frobenius then Aj,...,Ar are linearly independent over fc [6, Theorems 3.2 and 4.3]. The same result also holds if L is an algebraic Lie algebra.
Part of this paper was reported at a meeting on enveloping algebras at Oberwolfach.
1. The main theorem and some consequences. We thank R. Rentschler for bringing the following result to our attention. -THEOREM l. 1 [19, THEOREM 3] . Let D be a division algebra over a field fc, Then F is a finitely generated field extension of fc.
(b) fc is algebraically closed in D(L); that is, if a G D(L) is algebraic over k then a 6 fc.
PROOF. The proof is analogous with that of Theorem 4 of [19] .
(a) U(L) ®fcF is isomorphic to U(L®kF) and hence is left and right Noetherian. The same holds for D(L) ®& F since it is the localization of U(L) ¡gijfe F at the Ore set {u <g> 1 | u G U(L),u ^ 0}. Finite generation of F follows from Theorem 1.1.
(b) Let a G D(L) and put F = k(a). As D(L)®kF is a localization of U(L®kF) (up to isomorphism), it is a domain. Since F <&k F embeds in D(L) <S>k F it also is a domain. Now, if a is algebraic over fc, then a € fc by [5, p. 248 ex. 5] .
We can now prove the main result of this note.
is a finitely generated free abelian group.
PROOF. Since Ad(L) is a torsion free abelian group, it suffices to show that it is finitely generated. Let 
Sz(D(L)) is isomorphic to the group
In particular, Sz(D(L)) is Noetherian and its quotient field is Z(D(L))(wy,..., wr), a pure transcendental extension of Z(D(L)). ,wr], which is factorial. We thank Paul Wauters for allowing us to include the following result. By (5) of the previous theorem, s = ve~m where v G E and m is a nonnegative integer. Therefore, s-1 = emv~1 G U(L)e and thus y -as-1 G U(L)E-2. Let / be a nonzero ideal of A. Then Is -{us-1 | u G I, s G S} is a nonzero ideal of the simple algebra As-Hence, 1 G Is, i.e. 1 = us"1 for some uG I, s G S.
So, s -u G I. LEMMA 3.1. Let V be a vector space over k; F a subfield ofk and W a subspace of V over F. If W has a basis over F which is also a basis of V over fc, then V is generated by W over k and every subset ofW free over F is also free over fc.
We thank Theo Moons for pointing out the following Choose a nonzero semi-invariant u G U(L) with weight A. By the Poincaré-BirkhoffWitt theorem, u has a unique expression: u -X^itmx7" ■■■xq", um G U(B), m = (mi,...,mq).
Take any a G A and n -(ni,... ,nq) such that un ^ 0. From ada(u) = X(a)u and the fact that ada(um) = 0 we deduce A (a) = Y^ni4>i(o).
We call L algebraic if L is isomorphic to an algebraic Lie algebra of linear transformations. See e.g. [4, §14] . PROOF. Case 1. fc is algebraically closed.
Since L is algebraic it is a fortiori almost algebraic [20, §1.3] and hence allows a decomposition L = Sffi./VffiAasin the previous proposition. Note that R = N(BA is the radical of L and N is the nil radical of R. Let W denote the Q-subspace of A* generated by the weights <f>i,..., <pq of ad A on N. Since L is algebraic, so is its radical R [4, p. 309]. Moreover, R is completely solvable, as fc is algebraically closed. By [12, Theorem 3.3 and Corollary 3.4] there is a basis ai,...,at for A such that 0t(oj) G Q for all i,j and diniQ W = dimfc A* = t. We may assume that (¡>i,..., (¡)t, t < q, form a basis for W over Q. Then the rows of the t x t matrix P = (<pi(aj)) with rational entries are linearly independent over Q and so P is nonsingular. This implies that the rows of P are also linearly independent over fc. Therefore <pi,...,<j>t are linearly independent over fc and thus form a basis for A* over fc. By Lemma 3.1, every subset of W free over Q is also free over fc. On the other hand, Proposition 3. Case 2. Let fc be arbitrary and denote by fc' its algebraic closure. Then Aj,... %Xr can be extended to weights X'x,... ,X'T of L' = L ® fc', which is an algebraic Lie algebra over fc'.
A'j,..., A'r are linearly independent over Z, hence also over fc' (Case 1). Consequently, Ai,..., Ar are linearly independent over fc. REMARK 3.4. The following example demonstrates that the previous theorem no longer holds in the almost algebraic case. Let L be the Lie algebra over C with basis x, Hi, u2 and nonvanishing brackets: [x,iti] = (l-M')tii, [x,ti2] = (l -i)u2. L is a solvable, almost algebraic Lie algebra, u\, 112 are semi-invariance with weights Ai, A2-Clearly Ai, A2 are linearly independent over Z, but not over C.
